
Modulus, Argument, Polar Form, Argand diagram and deMoivre’s Theorem 
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 (iii) z = cos θ - i sin θ = cos (-θ) + i sin (-θ) , |z| = 1, Arg(z) = -θ 

 (iv) z = 1 + i tan θ, ( ) θ=θ=θ=θ+= − tantan)z(Arg,sectan1z 12  

2. Put  zk = xk + yk i. 

3. |z – 2 – i| < 2  shows the interior of the circle 

 centre C1 = (2, 1),  radius r1 = 2 

 |w – 5 – 5i| < 1  shows the interior of the circle 

 centre C2 = (5, 5),  radius r2 = 1 

 Max of |z – w| = ( ) 812)15(25 22 =++−+−  

 Min of |z – w| = ( ) 212)15(25 22 =−−−+−  

4. Put  zk = xk + yk i ,  k = 1, 2. 
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6. (i) Let   z1 = |z1| cis θ1 , z2 = |z2| cis θ2 , then   )(ciszz 222 θ−= .   If  z1z2 ≠ 0,  

   ( ) ( ) 2121212121212121 zzcoszz    zz)ciszz(    zz)zz( =θ−θ⇔=θ−θ⇔= RR  

   , where  n = 0, 1, 2, … ( )  n2z argz arg    n2  1cos 122121 π±=⇔π±=θ−θ⇔=θ−θ⇔

 (ii) |z1 + z2| = |z1| + |z2| ( ) 21
2

2
2

1
2

21
2

21
2

21 zz2zzzz  zzzz ++=+⇔+=+⇔  

  21221121212122112121 zz2zzzz)zz()z(z   zz2 zzzz)z(z)z(z  ++=++⇔++=++⇔  

   zz2  zzzz    zz2zzzz 212121212121 =+⇔=+⇔  

  21212121 zz)zz(    zz2)zz(2  =⇔=⇔ RR       Result follows from (a). 

7. (i) The locus is an arc of the circle standing on the chord  

  with end points  z1  and  z2  such that an angle  

  P1PP2 =
6
π

 is subtended by the chord at points on the arc.  

 (ii) One of the two branches of hyperbola with foci at  z1 and z2 .  

  The difference between the distances from z1 to the branch and z2 to the branch is 3. 

P1(z1) 

P(z) 

P2(z2) 

Arg(z-z1) 

Arg(z-z2) 

 (iii) Put  z = x + yi,  |z + 3i |2 – | z – 3i|2 = 12  becomes  [x2 + (y + 3)2] – [x2 + (y – 3)2] = 12 

  or  y = 2   which is a horizontal straight line. 

 (iv) Put  z = x + yi,  |z + 3i |2 + | z – 3i|2 = 90  becomes  [x2 + (y + 3)2] + [x2 + (y – 3)2] = 90 

  or  x2 + y2 = 62 ,  which is a circle with  (0, 0)  as centre and  6  as radius. 

8 – 10. Omitted.  Bookwork or simple evaluations. 
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 Result follows by comparing real and imaginary parts of  (1) and (2). 
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15. (cos θ + i sin θ) (cos 2θ + i sin 2θ) …. (cos nθ + i sin nθ) = 1 

 (cis θ) (cis θ)2 …(cis θ)n = cis 0 

 (cis θ)1+2+…+n = cis 2kπ,  where  k  is an integer. 

 (cis θ)n(n+1)/2 = cis 2kπ  , π=⎟
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17. f(z) = czbbzzaz +++  

 (i) af(z) = ( )( ) 222 bacbzabazacbbbbzbaabzzzaaczbaabzzza −+++=+−+++=+++  

  ( )( ) 222 bacbazbacbazbaz −++=−+++=  

 (ii) f(z) ≥ 0  for all  z   ⇔  af(z) ≥ 0  for all  z,  since  a  is positive. 

      ⇔  22
bacbaz −++ ≥ 0  for all  z,  by (i) 

      ⇔ 2bac − ≥ 0  ,  since  
2

baz + ≥ 0  for all  z. 

      ⇔ acb 2 ≤  

 3



 (iii) The equation  f(z) = 0  has a solution  ⇔ ∃z0 ∈ C s.t. f(z0) = 0 

   ⇔ 0bacbaz 22

0 =−++  ⇔  0acbbaz 22

0 ≥−=+   ⇔  acb 2 ≥  

18. Bookwork :    |z1 + z2| ≤ |z1| + |z2| 

 |1 + a1z + … + aNzN|  ≤  |1| + |a1z| + … + |aNzN| =  1+ |a1||z| + … + |aN||z|N

     <  1+ 2|z| + … + 2|z|N,  since  |an| < 2  for  1 ≤ n ≤ N 

     =  2[|z| + … + |z|N] – 1 <  0
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 Contradict to the fact that  z satisfies the equation 1 + a1z + … + aNzN = 0  and therefore 

  |1 + a1z + … + aNzN| = 0 
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 Suppose the given equation has a root inside the circle  
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 Contradict to the fact that  z satisfies the equation   zn cos θ0 + zn –1 cos θ1 + … + cos θn = 2 and 

 therefore   |zn cos θ0 + zn –1 cos θ1 + … + cos θn | = 2. 

 

20. (i) |z1 + z2|2 + |z1 – z2|2 = )zz()z(z)zz()z(z)z(z)z(z)z(z)z(z 2121212121212121 −−+++=−−+++  
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 (ii) We use Induction to show that  P(n) : |an|2 + |bn|2 = 2n+1  for all integers  n ≥ 0 

  P(0) : |a0|2 + |b0|2 = 12 + 12 = 2 = 20+1,   since a0 = b0 = c = cos θ + i sin θ 

  ∴  P(0) is true. 

  Assume  P(k) is true for some integer k, |ak|2 + |bk|2 = 2k+1  ….(1) 

  For  P(k+1),  |ak+1|2 + |bk+1|2 
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  = 2 2k+1 , by (1) 

  = 2(k+1)+1.   ∴ P(k+1) is also true. 

  By the Principle of Mathematical Induction, P(n) is true ∀ n∈N∪{0}. 

  Obviously,  |an|2 ≤ |an|2 + |bn|2 = 2n+1 and   |bn|2 ≤ |an|2 + |bn|2 = 2n+1
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  The equality holds when   ( ) 2121 zzzz =R   and  2
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      ⇔ 21 zz  is real  and  21 zcz = ,  since  c  is positive 

      ⇔ arg ( 21 zz ) = 0 or π   and  21 zcz =  

      ⇔ arg (z1) + arg ( 2z ) = 0 or π   and  21 zcz =  
      ⇔ arg (z1) – arg z2 = 0 or π   and  21 zcz =  

      ⇔ arg (z1) = arg z2 +  0 or π   and  21 zcz =  

      ⇔ z1 = ±cz2   

 

 (ii) Let  P(n) be the proposition : if the  a’s  are positive numbers such that  a1
-1 + … + an

-1 = 1, then 

   |z1 + … + zn|2 ≤ a1 |z1|2 + … + an |zn|2   

  P(1) is obviously true. 

  Assume  P(k) is true for some k∈N. i.e.    

   a1
-1 + … + ak

-1 = 1,  ai > 0, |z1 + … + zk|2 ≤ a1 |z1|2 + … + ak |zk|2    …..(1) 

  For  P(k+1), 

   Let   a1
-1 + … + ak

-1 + ak+1
-1 = 1,  ai > 0, 

   Put   bk
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-1  ,  then  bk =
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   By (1) we get 

|z1 + … + zk + zk+1|2 ≤ a1 |z1|2 + … + ak-1 |zk-1|2 + bk|zk + zk+1 |2   …..(2) 

But   bk|zk + zk+1 |2  ≤ bk [(1 + c) |zk|2 + (1 + c– 1) |zk+1|2]  ,   by (i) 
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 ≤ ak |zk|2 + ak+1 |zk+1|2          …..(3) 

Substitute  (3) in (2),  |z1 + … + zk + zk+1|2 ≤ a1 |z1|2 + … + ak-1 |zk-1|2 + ak |zk|2 + ak+1 |zk+1|2. 

∴  P(k+1)  is also true. 

By the Principle of Mathematical Induction, P(n) is true ∀ n∈N. 
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